In this paper we present a short definition of the Witten invariants of 3-manifolds. We also give simple proofs of invariance of those obtained for r = 3 and r = 4. Our definition is extracted from the 1993 paper of Lickorish and the Prasolov-Sossinsky book, where it is dispersed over 20 pages. We show by several examples that it is indeed convenient for calculations.
Definition of the Witten invariant
The construction of Witten invariants of 3-manifolds and the proof of their invariance use deep ideas from the quantum field theory and the theory of Temperley-Lieb algebras and are not short. But a mathematician might want to calculate and apply these invariants without necessarily understanding their origin. The definition of the Witten invariants in [6, page 660 ] is direct and short, but is not so convenient for calculations. In this paper we present a short definition of the Witten invariants (Theorem 1.3) which is extracted from [8] (where it is dispersed over 20 pages, mixed with the proof of invariance) and we show by several examples that it is indeed more convenient for calculations. In Section 2 we give a new simple proof of invariance for r = 4. The definition of the Witten invariant is based on the representation of 3-manifolds by (unoriented) plane diagrams. By a plane diagram we understand a set of circles in It is well known that every closed oriented 3-manifold can be obtained from the 3-sphere S 3 by the Dehn surgery on some framed link .L; g/. Denote by D the 3-manifold obtained by the Dehn surgery along the framed unoriented link, corresponding to D. In what follows capital Latin letters denote (unoriented) plane diagrams (in [ 8] they are sometimes called framed diagrams). Let U + , U and U − be the diagrams representing the unknot with framings +1,0 and −1, respectively (see Figure 2 (a) ).
Everywhere below we suppose that diagrams in the equalities coincide except where shown in corresponding figures.
The REMARK 1.5. It is easier to calculate the polynomial ! not by the explicit formula of Theorem 1.3 but by the following algorithm. Define the (renormalized Chebyshev) polynomials S n .Þ/ by the recurrence formula S 0 = 1, S 1 = Þ and S n+1 = ÞS n − S n−1 . Then
.−1/ n sin.³k.n + 1/=r/ sin.³k=r/ S n :
Indeed, it suffices to show that the above sum has exactly r − 2 roots 2 cos.³l=r/, where 1 ≤ l ≤ r − 1 and k ± l = r; 3r (there are exactly r − 2 numbers l with these properties). Note that sin x · S n .2 cos x/ = sin. 
PROOF. First we prove that 
. Hence, by Lemma 1.12 the Witten invariant of Remark 1.11 equals
and ¼ = 1=2. Therefore, the Witten invariant from Remark 1.11 equals
where D • P is the diagram obtained from D by drawing circles, parallel and close to the components of P , see for example [ 4, Section 6].
Simple proofs of Theorem 1.3 for r = 3 and r = 4
We only consider the case k = 1. 
There exists a natural correspondence between the subdiagrams of D and D\I . If Figures 3 (a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
LEMMA 2.3. W .E/ remains unchanged under the Fenn-Rourke moves of the diagram E in Figures 4 (a)-(b) if for arbitrary diagrams D and D that differ as in
This equality is clear for k 2 Figure 3 (a) . By I and I we denote their first components.
Since ! = Þ 2 − √ 2Þ it follows by Lemma 2.3 that we must only show that
Applying (a) to the crossings marked in Figure 6 (a), we obtain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . PROOF. By property (a) of the Kauffman bracket, we may assume that A has no crossings outside the part shown. It is easy to see that A contains the part shown in Figure 7 (b). Applying (a) to the two marked crossings in Figure 7 (b) and using (b) one can easily obtain that A = 0.
Applying (a) to the crossings of T and F 1 marked in Figure 6 (b) and Figure 8 , using Proposition 1.2 (for the first and the last equalities) and Lemma 2.4 (for the second equality) we get that
Hence, and we are done.
